Abstract. We define the Fitzpatrick function of a σ-monotone operator in a way similar to the original definition given by Fitzpatrick. We show that some well-known properties of Fitzpatrick function remain valid for the larger class of premonotone operators. Also, we find some conditions under which the Fitzpatrick function of a σ-monotone operator is proper, and give some results in Hilbert spaces.
Introduction
The literature on monotone and generalized monotone operators is quite extensive. These notions have been found appropriate in various branches of mathematics such as operator theory, PDE, SDE, differentiability theory of convex functions and nonlinear functional analysis.
The notion of pre-monotone operators for the finite-dimensional case is introduced in [11] . The class of pre-monotone operators includes many important classes of operators such as monotone and ε-monotone operators but also contains many more: for example, if T is monotone and R is globally bounded, then T + R is premonotone. In Banach spaces, some basic properties of premonotone operators such as local boundedness, generalization of the L. Vesely theorem are studied in [3] . Also in [1] some results on the sum and difference of the σ-monotone operators, and relations between the σ-monotonicity and σ-convexity, are investigated.
The Fitzpatrick function of a monotone operator was introduced in [12] by Fitzpatrick. Around 13 years later, a convex representation (Fitzpatrick function) of maximal monotone operators was rediscovered by Martinez-Legaz and Théra [13] . Burachik and Svaiter [8] also rediscovered Fitzpatrick functions and studied the whole family of lower semicontinuous and convex functions associated with a given maximal monotone operator. The Fitzpatrick function makes a bridge between the results on convex functions and results on maximal monotone operators ( see [4, 5, 6, 14] and the references therein). The Fitzpatrick function was also used for deterministic and stochastic differential equations driven by multivalued maximal monotone operators [15] . Recently, Fitzpatrick functions (or "Fitzpatrick transforms") were proved to be a valuable tool in the study of monotone bifunctions (see [2] , [7] and [10] ). Moreover, very recently a generalization of the strong Fitzpatrick inequality is studied in [9] .
In this paper we introduce the Fitzpatrick function of a σ-monotone operator and we investigate some properties of this function. We hope that the Fitzpatrick function will be a tool for linking maximal σ-monotone theory to convex analysis and add to their lure.
The rest of the paper is organized as follows: The next section contains some notation, and facts on σ-monotone operators, and Fitzpatrick function. In Section 3 after defining the Fitzpatrick function of a σ-monotone operator, we show that for a σ-monotone operator, the inequality F T (x, x * ) ≥ x * , x holds for all (x, x * ) ∈ X × X * and we have the equality if (x, x * ) ∈ gr T and σ (x) = 0. Also we find some conditions under which F T is proper . In Section 4 we provide some kind of surjectivity results on Hilbert spaces. We conclude the paper by presenting some examples and a related remark. domain is D (T ) = {x ∈ X : T (x) = ∅} , its range
and its graph gr T := {(x, x * ) ∈ X × X * : x * ∈ T (x)} . Recall that T is said to be monotone if for every x, y ∈ D (T ) , x * ∈ T (x) and y * ∈ T (y),
and T is said to be maximal monotone if its graph is not properly included in any other monotone graph. For a monotone operator T , its Fitzpatrick function introduced in [12] is defined by
It is a lower semicontinuous (lsc from now on) and convex function.
Proposition 1 [12] For a maximal monotone operator T : X → 2 X * one has
and the equality holds if and only if (x, x * ) ∈ gr T.
Definition 2 (i) Given an operator T : X → 2 X * and a map σ : D (T ) → R + , T is said to be σ-monotone if for every x, y ∈ D(T ), x * ∈ T (x) and y * ∈ T (y),
(ii) An operator T is called pre-monotone if it is σ-monotone for some
(iii) A σ-monotone operator T is called maximal σ-monotone, if for every operator T ′ which is σ ′ -monotone with gr T ⊆ gr T ′ and σ ′ an extension of σ, one has T = T ′ .
As for the monotone case, each σ-monotone operator has a maximal σ-monotone extension [11] .
Definition 3 Let A be a subset of X. Given a mapping σ :
An equivalent condition for maximal σ-monotonicity, which we use in Section 3, is stated next:
The σ-monotone operator T : X → 2 X * is maximal σ-monotone if and only if, for every point (x 0 , x * 0 ) ∈ X × X * and every extension
The Fitzpatrick function of σ-monotone operators
The definition we use for the Fitzpatrick function is exactly the same as for monotone operators:
Definition 5 Let X be a Banach space and T : X → 2 X * be a σ-monotone operator. The Fitzpatrick function associated with T is the function
F T is norm×weak * -lsc and convex on X × X * . We need the following lemma for proving Theorem 7.
Lemma 6 Suppose that T is maximal σ-monotone for some σ :
Proof. We consider two cases:
If (x, x * ) / ∈ gr T , then we will show that
Indeed, if on the contrary (3) does not hold, then for all (y, y * ) ∈ gr T ,
Consequently, for any extension σ ′ of σ on D(T ) ∪ {x} and every (y, y
By Proposition 4 this implies that (x, x * ) ∈ gr T , a contradiction. Thus (3) holds. So (2) holds in all cases.
If (x, x * ) / ∈ gr T , then we have strict inequality in (4). If (x, x * ) ∈ gr T and σ (x) = 0, then the equality holds.
Proof. Let (x, x * ) ∈ X × X * . It can be easily verified
According to (2) we have inf (y,y * )∈gr T y
Let (x, x * ) / ∈ gr T , and assume in contradiction that F T (x, x * ) = x * , x . From (5) we get inf (y,y * )∈gr T y * − x * , y − x = 0. But according to (3) it is not possible. Now, suppose that x * ∈ T (x) and σ (x) = 0. Then for each (y, y
Therefore x * , y + y * , x − y * , y ≤ x * , x . By taking the supremum over all (y, y * ) ∈ gr T we get
Remark 8
* ) / ∈ gr T by Theorem 7 we would have strict inequality.
• Note that
• One can easily check that if T and S are σ-monotone operators and S is an extension of T i.e., gr T ⊆ gr S, then F T ≤ F S .
Notice that in some cases the Fitzpatrick function can be +∞ on X × X * as the following example shows.
Example 9
Suppose that X is a Hilbert space and T : X → 2 X is an operator. Assume that D (T ) contains a ray L = Rz (z = 0) such that for each y ∈ L, {0, y * 0 } ⊆ T (y) where y * 0 is a fixed element, not identically zero on L. Then F T can not be proper.
Proof. Let (x, x * ) ∈ X × X * . First we suppose that x * = 0 on L. Then x * , z = 0, and we can assume without loss of generality that x * , z > 0. Then take y * = 0,
If x * = 0, then
Again without loss of generality we may assume y * 0 , z is negative and then get inf y∈L y * 0 , y = −∞.Thus we conclude that F T (x, x * ) = +∞. According to the above example if the graph of a maximal σ-monotone operator contains the lines L × {0 * } and L × {y * 0 } and y * 0 = 0 on L, then the Fitzpatrick function can be everywhere +∞. Indeed, take T : R → 2 R to be defined by T (x) = [0, 1] for all x ∈ R. One can see that this operator is σ-monotone with σ(x) = 1 for all x. In fact, it is maximal σ-monotone and F T ≡ +∞.
According to the Theorem 7 if T is maximal σ-monotone, (x, x * ) in gr T and σ(x) = 0, then F T (x, x * ) = x * , x and so F T (x, x * ) < ∞. Recall that [3] , given an operator T : X → 2 X * , we define the function
6) The following proposition shows that if the equality holds in Theorem 7 for all x * ∈ T (x), then σ T (x) = 0.
Proposition 10 Suppose that T : X → 2 X * is σ-monotone. Let x ∈ X and for each x * ∈ T (x) , F T (x, x * ) = x * , x , then σ T (x) = 0. In particular, if T is a single-valued σ-monotone, and F T (x, x * ) = x * , x , then σ T (x) = 0.
Proof. For every x * ∈ T (x) we have F T (x, x * ) = x * , x . Thus
From (6) and (7) we get σ T (x) = 0. According to the above proposition, for a maximal σ-monotone operator
In the following proposition, we find a sufficient condition, for finiteness of the Fitzpatrick function.
Proposition 11 Suppose that T : X → 2 X * is σ-monotone and set
Proof. Assume that (x, x * ) ∈ M. According to Remark 8 part II, we have
On the other hand F T is convex so D (F T ) is also convex and so co M ⊆ D (F T ) .
Some results on Hilbert spaces
From now on, X is a Hilbert space.
Proposition 12 Assume that
Proof. By assumption R (I + T ) = X, so we can find x ∈ X such that y + y * ∈ (I + T ) (x). This means that there exists (x, x * ) ∈ gr T such that y+y * = x+x * . From here we get
On the other hand, (y, y * ) ∈ X × X is σ-monotonically related to gr T . Thus
From (8) and (9) we infer that
Therefore ||x − y|| ≤ σ (x) . Now if σ (x) = 0, then form the above inequality and (8) we conclude that x = y and x * = y * . Thus (y, y * ) ∈ gr T .
Corollary 13 Assume that T : X → 2 X is monotone. If R (I + T ) = X, then T is maximal monotone. 
Proof. Let T be a maximal σ-monotone operator. Then by Theorem 7
We equip X × X with the usual inner product (x, y),
Since F T : X × X → R ∪ {+∞} is proper, convex, and lower semicontinuous, by using Fact 1 we find (z * , z) ∈ X × X such that for each (x, x * ) ∈ X × X we have
Now using (5), we get
By adding z * , z in the two sides of the above inequality we obtain the desired inequality.
We conclude the paper by presenting two examples related to the Fitzpatrick function of a pre-monotone operator.
Example 15 Consider the triangular function T : R → R defined by T (x) := max {1 − |x|, 0} . Clearly T is not monotone but it is pre-monotone by Proposition 3.4 in [11] . Then F T (x, x * ) = ι {0 * } + 1 4 (x + 1) 2 where ι C is the indicator function of C.
Set h (y) = x * y + xT (y) − yT (y) . Example 16 (Normal function) Suppose X is R and let T (x) = 1 1+x 2 . Then T is not monotone but it is σ-monotone (for σ = 1). Moreover, F T (x, x * ) = ι {0 * } + .Thus we conclude that F T (x, x * ) = sup y∈R h (y) = +∞ if x * = 0,
